FUNCTIONAL COMPOSITION PATTERNS AND POWER
SERIES REVERSION

BY
GEORGE N. RANEY

1. Introduction. In 1859, Cayley [7] solved the problem of finding the
number of different products of given terms in a given order, under a non-
associative multiplication. More recent references to the same problem are
found in the writings of Jacobson [9], Becker [2], Motzkin [11], and Bour-
baki [3; 4]. This paper will be concerned with a natural generalization of
Cayley’s problem, and will show that the solution to the generalized problem
contains all of the combinatorial information needed to establish the well
known formula of Lagrange for the reversion of power series.

To describe the problem, we consider expressions which are built from
operator symbols and argument symbols, using a prefix notation for oper-
ators. Weights are assigned to the symbols in an expression, an argument sym-
bol having the weight 0 and an #n-ary operator symbol having the weight =.
Expressions are of various types, the type of an expression depending only
on the weights of the symbols in it and on the order in which they appear.
The expression (@¢+b) ¢, for example, is written 4 4-abc and is of the type
22000, while a+(b+c) is written +a-+bc and is of the type 20200. The ex-
pression F(G(x, H(y, 2), t), K(u)) is of the type 230200010. Following P. C.
Rosenbloom [13], we call those finite sequences of natural numbers which
designate the types of expressions “words.” Definitions and some special
properties of these sequences are stated in §2.

The general problem mentioned above can now be stated: Let a4, a3, - - -
be a sequence of natural numbers in which only a finite number of terms are
different from zero. How many words are there in which there are exactly a,
occurrences of 1, a; occurrences of 2, etc.? Since for words the number of oc-
currences of 0 is determined by the formula ao=14 Y .2, (i—1)a,, it is not
necessary to mention @, in stating the problem.

It is advantageous to enumerate not just single words, but lists of words
having a specified composition and this is done in Theorem 2.2 below. Theo-
rems 2.3 and 2.4 express some properties of the solution to this enumeration
problem, and form the basis for the rest of the paper.

In §3 and §4 the combinatorial information developed in §2 is expressed
in the form of equations which hold in the large algebra of a certain semi-
group. In §5 the Lagrange inversion formula is obtained from these equations
by using a suitable homomorphism from this large algebra to the algebra of
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formal power series. The results of §4 are applied in §6 to the solution of
equations by series. In §7 the results of §2 are applied to some convolution
formulas.

2. The number of lists of words having a specified composition. A finite
sequence of the natural numbers 0, 1, 2, - - - will be called a string. The
number of terms in the sequence will be called the length of the string. If the
string ¢ has length m, the set of natural numbers which are less than m will
be called the domain of o (written D(c)); we shall consider ¢ to be a function
from this domain into the set of natural numbers. For each k& D(0), let g
be the permutation of D(¢) which is defined as follows: if x&D(s) and
x+k<m, then gi(x) =x+k, and if xE€D(s) and x+k=m, then gi(x)=x+k
—m. The permutations g form a cyclic group whose order is m, the length of
o. For each k&€ D(o), the composite function ag, is a string whose length is
m; the string og; will be called a cyclic variant of the string o.

If ¢ is a string and ¢ is a natural number, define p;(s) to be the number of
xED(o) for which ¢(x) =1; then Y ;> p:(0) is the length of ¢. Define r(s),
the rank of o, to be X iy (i—1)pi(o). If ¢’ is a cyclic variant of g, then
r(¢’) =r(o).

If ¢ and 7 are strings, define o7 to be the string which results from the
concatenation of ¢ and 7. For every natural number 7, p;(o7) =p.(0) +pi(7);
hence 7(o1) =7(c) +7(7). If Y =07 then o is called a kead of v; if 7 is not empty,
then ¢ is called a proper head of .

Certain strings are called words. The string of length 1 whose only term
is 0 is a word. If # is a natural number other than 0 and if &y, s, - + - , ¢, are
words, then the string naya; - - - a, is a word. P. C. Rosenbloom has shown
[13] that for a string v to be a word it is necessary and sufficient that r(y)
= —1 while for every proper head ¢ of v, r(s) 0.

Certain strings are called lists of words. The empty string is a list of 0
words. For n21, if a is a word and 8 is a list of n—1 words, then af is a list
of n words. Using Rosenbloom’s result one can prove inductively that for a
string v to be a list of # words it is necessary and sufficient that r(y) = —n,
while for every proper head o of v, (o) > —n.

THEOREM 2.1. If n is a natural number other than zero and if o is a string
whose rank is —n, then there are exactly n natural numbers k in the domain of
o such that the string ogi is a list of n words.

Proof. Of all the heads of all the cyclic variants of ¢ let @ be one whose
rank is maximum and which has maximum length within that rank. Let o,
be a cyclic variant of ¢ such that « is a head of o1.

Let 7 be a proper head of ¢; and suppose that 7(r) £ —n. If 7 is a head of o,
then for some v, a=717v, and 7(a) =7(r) +r(y) £ —n-+r(y). Since 7 is greater
than zero, r(a) <r(y). However, v is a head of a cyclic variant of ¢, so that this
result would contradict the fact that & has maximum rank. Therefore 7 is
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not a head of « and o, =ade where ad =7 and ¢ is not empty. Then —n=r(s)
=r(01) =r(1)+7(e) = —n+r(e). It follows that 0=Zr(e), and 7(a) E7(e) +7(x)
=r(ea). Since ea is a head of a cyclic variant of ¢, namely ead, and since ex
is longer than «, either a does not have maximum rank or a does not have
maximum length within that rank. The supposition that 7(7) < —# has led
to a contradiction; thus it is proved that if 7 is a proper head of a1, then
r(t)> —mn.

There is a shortest head of o1 whose rank is —1. Call it oy and let o1 =auf:.
If B; has been defined and has rank 7—7 <0, then let a;4; be the shortest head
of B; whose rank is —1 and let 8;=a;418:11. Continue in this manner until

B. has been defined, obtaining ¢ = ajaz - - - a.fs. Since r(oy - - - an)
=r(a))+ -+ - +r(as)=—n,01 - - - @, cannot be a proper head of o1; hence
Bnis empty, and 1=y * * * an. Let or=auae -+ - @n1tty, G2 =02 * * * Anr@aaiy,

-, Opn=ayuanay ¢ ¢+ ap_1. Fori=1, - - - n, each a; is a word and each o;

is a list of » words. Even though the ¢; are not necessarily all distinct, they
are the strings og; for n distinct natural numbers k in the domain of .

If there is still another natural number %’ in the domain of ¢ such that
agi is a list of #n words, then ogi has the form 8v8 where 8 and & are both non-
empty and 83 =a; for some 2. Then 7(8) =0, since «; is a word. It follows that
r(By) £ —n, and this contradicts the assumption that ag,- is a list of # words.
This completes the proof of Theorem 2.1.

Let ai, a;, - - -+ be an infinite sequence of natural numbers of which at
most a finite number of terms are different from zero. We will say that the
string ¢ has composition (n; a1, as, - --) if r(6)=—n and p;(o)=a; for
1=1,2,---.

THEOREM 2.2. Let L(n; a1, as, - - - ) be the number of lists of n words having
composition (n; a1, as, + + - ). Then
(2'1) mL(”) ay, @ * * ) = ”M(aoa a, @z, * )’

where m=n-+ D o, 1a;, and ag=n~+ Y o, (i—1)a;, and M(ao, a1, as, - - + ) is
the multinomial coefficient (D im0 ad)! (1120 (@)=t In the case m=n=0,
L(n; a1, a3, - - - )=L(0;0,0, - - - )=1.

Proof. Let S be the set of strings with composition (n; a1, as, - -+ - ) and
let W be the set of lists of # words with composition (#; a,, a,, « - - ). For every
0 €S, po(d) =ao, and, since m= P ., a, all strings in S have the length m.
The number of strings in S is M(a,, @1, as, + - + ). Let G be the cyclic group of
permutations g, for 0<k<m, and let P be the set of ordered pairs (g, o)
such that g&€G, ¢&ES, and sgEW. By Theorem 2.1, each member of S is
the second element of # different ordered pairs in P, if #>0. Therefore, P
has nM(ao, a1, @z, + + -+ ) members, if #>0.

Since L(n; ay, as, - - - ) denotes the number of members of W, the Car-
tesian product GXW has mL(n; a, a,, - - - ) members. For g&G, N\EW,
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define 0(g, N\) =(g, g~'N\). Then 8 is a one-one mapping from GX W onto P.
Therefore mL(n; ai, as, - + + )=nM(ao, a1, @3, - - - ), if #>0. If =0 and
a;=0fori=1,2, .- ,then L(n;a, as - - -)=1.If n=0and a;70 for some
1>0, then L(n; a1, @3, + -+ + ) =0. This completes the proof of Theorem 2.2.

The problem of Cayley mentioned above is equivalent to that of finding
L(n; a1, @y, - -+ ) in the special case n=1, ;=0 for 152. Application of
Theorem 2.2 in this case leads to the result that L(1; 0, %k, 0, 0, - - )
= (k+1)"'Cor -

THEOREM 2.3. For all natural numbers m and n,

(2.2) Lim+n;a, a8 ++-) =2 L(m;by, by, -~ - )L(n; 1, 02 - - +),

where the summation extends over all ordered pairs of sequences by, by, -+ - - and
¢, Cq, + + + of natural numbers such that b;+-c;=a; for i=1,2, - - - .
Proof. Let a be a list of m +n words having composition (m+n;a1,a., - - - ).

Then there is exactly one head of & which is a list of m words. For let a =874
where 8 is a list of m words and v is not empty. Then 8 is a proper head of
By having rank —m, so that By cannot be a list of m words. If & =70 where 7
is a list of m words, then o is a list of » words. If 7 has composition
(m; by, by, - - - ) and ¢ has composition (#; ¢, c3, - * - ), then b;4c;=a; for
1=1,2,---.

THEOREM 2.4. For all natural numbers k,
Lk + 1581, - - )
= L(k; a1, ao, * - ')+ZL(k+i;al,dz,‘ cry,ai—1,-00),

where the summation extends over all natural numbers 1>0 for which a;>0.

(2.3)

Proof. If « is a list of 2+1 words having composition (k+41; a1, az, - - - )
then either « =08 where B is a list of 2 words having composition (k;a1,az, + - -)
or for some natural number >0, a =13y where 8 is a list of < words and v is
a list of & words, so that By is a list of 2+ words having composition
(k+1; ay, A2y * * *, a,~—1, L )

3. Large semigroup algebras and induced homomorphisms.

DEFINITION 3.1. Let S be a semigroup which satisfies the following condi-
tion (D): For every s&S, there exist only finitely many couples (¢, ) of
elements of S such that ¢+u=s. Let 4 be a ring which is commutative and
has a unit element, e. Let A5 be the set of functions f: S—A, provided with
the structure of an algebra by the following rules: if s€S, f, gEA5, and
a€EA, then

(1) (f+2)(s) =£(s)+g(s),

(2) (af)(s) =af(s),

3) (fo)(s)= 2f(t)e(w),

where the summation extends over the set of ordered pairs (¢, #) such that
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t+u=s. Following Bourbaki [5], we call A5 the large algebra of the semigroup
S relative to the ring A.

DEeFINITION 3.2. Let I be an indexing set, and let F: I—A45. If for every
sES, the set of 11 such that (F(z))(s) 0 is finite, then F is called a sum-
mable family of elements of AS. If F is a summable family, then the function
(D_F): S—A is defined as follows: (X F)(s) = D_(F(i))(s), where the sum-
mation extends over the set of #&1 such that (F(z))(s) #0, and the sum is
zero in case this set is empty. We may sometimes write s F(4) for > F.

DEFINITION 3.3. Let S and T be semigroups satisfying condition (D). Let
A and B be commutative rings with units, and let B have no divisors of zero.
Let the function 6: S—T be such that if xi, x,ES, then 0(x;+x2) =0(x;)
+0(x2). Let the function 8: S—B be such that if x;, x,E.S, then B(x;+x5)
=B(x1)B(x2). Let 6 and B8 be such that for every y& T, the set of x &S such
that (x) =y and B(x) #0 is finite. Let the function #: A—B be such that if
a1, ¢:EA, then h(a+az) =h(a:) +k(a;) and k(aias) =k(a:1)k(a;). Then define
H=H(®, B, k) as follows: H: AS—BT and if fEAS, y&T, then (Hf)(y)
= > B(x)h(f(x)), where the summation extends over the set of x&.S such
that 8(x) =y and B(x) #0, and the sum is zero in case this set is empty.

With these definitions it can be established in a straightforward manner
that H is a summability preserving homomorphism from A5 into BT.

LeEMMA 3.1. In the notation of the preceding three definitions,

(1) H(f+g) = (Hf)+(Hg), for f, gEAS5,

(2) H(af)=h(a)(Hf), for a€A, fEAS,

(3) H(fg) = (Hf)(Hg), for f, g A5,

(4) If I is an indexing set and F: I—>AS is a summable family of elements
of AS, then the composite funciion (HF): I—-BT is a summable family of ele-
ments of BT, and H(Y_F)= Y (HF).

4. The special element L*. Let P be the set of sequences of natural num-
bers of which at most a finite number of terms are different from zero. Let
b q€ P, p=(p, bo---), §=1(q, g~ --), and define p+4q
=(p1+q, p2+¢qs, - - - ). With this addition operation, P is a semigroup satis-
fying condition (D), and if 4 is a commutative ring with unit, ¢, one can de-
fine the large algebra AP,

Some special elements of P are the identity element 0=(0, O, - - - )
and the “Kronecker delta” elements d; for =1, all of whose terms are zero
except the 7th term, which is 1.

Some special elements of A7 are the zero element 0%, defined by 0*(§) =0
for every &P, the unit element Ej, defined by Eg($)=0 for $>%0 and
E;(0) =e. Other special elements of AP are the elements E} for >0, defined
by Ef(p) =0 if p=#d;, Ef¥(d;) =e.

Powers of an element f* of AF are defined recursively in the usual way:

(f¥)0=Eg, (f¥)m+i=(f*)mf*.
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In terms of the operations on A7 the results of Theorems 2.3 and 2.4 can
be restated in the following form:
THEOREM 4.1. Let L* be the element of AP defined by
L*(B) = L(1; p, pa, - - * e
Then
(LI™B) = L(n; p, p2, -+ - )e.

For any PEP, there exist only finitely many natural numbers i such that
(E¥(L*))($) =0, and L*(p) = 2(EH(L*)¥)(P). In short,

(4.1) L* = > EX(L*).
1=0
Proof. The first assertion is proved by induction on #, using Theorems

2.2 and 2.3. The second assertion then follows from Theorem 2.4 and the
observation that (EFf(L*)9)(p) = (L*)i(p—d;) if p;>0 and (EF(L*)¥)($)=0

if P,;’:O.
5. The Lagrange inversion formula. Under addition the set N of natural
numbers 0, 1, 2, - - - is a semigroup satisfying the condition (D) of Defini-

tion 3.1. If 4 is a commutative ring with unit, e, then the large algebra A¥
is the algebra of formal power series with coefficients in 4. Special elements
of AV are the zero element 0, the unit element 1, and the element %, defined
respectively by 0() =0 for all #, 1(n) =0 for n>0, 1(0) =e, #(n) =0 for n>1
and #(1) =e. Powers of the element % satisfy the equations &(j) =e, &/(n) =0
for n=j.

Every element 2EAY can be expressed in the form z= ) -, aa%", where
a,=2(n) and the summation is as in Definition 3.2. If Z is replaced by 2™,
this becomes "= Y ., z"(n)%", where, by the Multinomial Theorem,

(5.1) 2(n) = 20 M(po, p, p2, - - - Jasaraz - - -,
the summation extending over all sequences (po, $1, P2, * + - ) such that

Do pi=mand X 2oipi=n.
If ZEAYN then Dz, the derivative of z, is the element of A¥ defined by
(Dz)(n) = (n+1)z(n+1). Higher derivatives satisfy the equation

(5.2) (D*(E))(n) = (n + k)!(n!)~'2(n + k).

From a theorem on formal power series which corresponds to the implicit
function theorem (see Bourbaki [6]) it follows that for each sequence
ao, a1, - + + of elements of 4 there is exactly one @& A¥ such that

(5.3) b =& ), "
n=0
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The Lagrange inversion formula (see Pélya-Szegé [12]) describes this @ in
the following way: Let

5.4 =2, a,&
n=0
Then
0 n—lzn) (0)

(5.5) Z

n!

Here it will be shown that this results directly from (4.1) by use of a suitably
induced summability preserving homomorphism from 4® into A”,
To see the connection between the problem of enumerating lists of words
and the Lagrange inversion formula, note that by (5.2) and (5.1),
(D*1z:(0) 1 1
—=—;2"(ﬂ— 1) =;ZM(P0, Py b2 )agoa‘l’l’ Y

n!

where the summation extends over all sequences (pg, $1, - - - ) such that
> o pi=nand E,"lo ip;=n—1. Then by Theorem 2.2,

Dn—l"n 0 Po P1
(5.6) (——““Z—&Z=ZL(1;P1, P2 )@@ -,

n!

where po =1+ 2,2, (i — 1)p; and the summation extends over all
p=(p1, p2 + + - )EP such that E{‘.’.lip,:n—l.

Let ao, a1, as, - - - be the sequence of elements of 4 which is given in
(5.3). Let 8: P—N be defined by 0(3) = D, ip; where p=(p1, p2, - - - ). Let
B: P—A be defined by

BF) = ay T Tl
Referring to Definition 3.3, let B=4 and let & be the identity mapping from
A to A. By Lemma 3.1, the function H of Definition 3.3 is a summability
preserving homomorphism from 47 into 47,
Looking at the effect of H on some special elements, HE} =a} a;&, if
j=1. For

(HE})(n) = 3. BPEF®P) =

Zipi=n

{B(Jj)e, ifn = j,}
0, ifnsj

i—1 . .
a0 aje, ifn =J,} -1 j

= = a0 a;x )\n).
{ 0, ifnwj (G as% ) (n)

From the fact that H is a homomorphism, HE; =1.
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By (4.1), L*= Y50 EX(L*)i. By Lemma 3.1, HL*= Y5, HE} (HL*)
=1+ Y 2, a}'a;z/(HL*)i. Multiplying both members by ao%, ac#(HL*)
xz;;o a;j(aox(HL*))!. Defining w=a,x(HL¥),

5.7) B =53 aw
j=0

Let E} denote the element of A? such that (E})(p)=e, (E})(g)=0 if
G#=p. Then L* = D zepL(1; P)EY and by Lemma 3.1, HL*
= Y ser L(1; §)HE}. The element E¥ can be expressed as a finite product of
powers of the Ef, so that

HL* = 3 L(1; ﬁ)H( II (E,.*)p;)

pEP pi#0

ZP L(1; p) IIHEH)»

L p Il (a5 gty

_ Z L(l f) Z(i—1)p, mazz’z L xZim

pEP

= | az'( > L(1; 15)002(l ”""a’f‘a‘;’ e )
r=0 Zipi=r

Letting po=1+4 2 2, (i—1)p; and multiplying both members by aof,

W=ao®(HL*) = D 20 &+ X1y zipiert1 L(1; p)aaliad? - - - ). Replacing r+1

by » and using (5.6),

(5.8) i

Equations (5.4), (5.7), and (5.8) together constitute the Lagrange inversion
formula.

6. The solution of equations by series. The memoir of Lagrange [10] in
which the inversion formula was originally developed dealt with the problem
of expressing the roots of equations by means of power series in the coeffi-
cients. The link between this problem and the problem of enumerating lists
of words is found in the equation of Theorem 4.1:

(D))

n!

(6.1) L* = Y EX(L*).

=0
On one hand, (6.1) springs directly from the enumeration problem, since it is
a corollary of Theorems 2.2, 2.3, and 2.4. On the other hand, (6.1) is an equa-
tion of fixpoint type whose solution is
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(6.2) L* = 3 L(1; P)(EHP(EH? - -
pEP
Formal solutions of various equations of fixpoint type may be obtained from
(6.1) and (6.2) by using homomorphisms from AP to other large algebras of
semigroups satisfying the condition (D).
For the trinomial equation

(6.3) W= 14 zu",

for example, a homomorphism H: AF—A¥ different from that of the preced-
ing section leads to the formal solution

d - hd 1 nk
. D = 1; kd,)x* = —_— z*,

¢4 v Z‘;L(’k ) 1§I+(n—l)k(k>

To induce this homomorphism, let A =B, let % be the identity mapping on
A, and define §: P—N and : P—A by specifying their values for the “Kron-
ecker delta” elements d;, <0. Let 8(d;) =0 for i>%n, 6(d,) =1. Let 8(d;) =0
for i>n, 8(d.) =e. Then H=H(8, B, k) has the following properties: HEg =1,
HE}=0 for j#0, n, HE}=4%. Setting w=HL*, (6.1) goes over into (6.3)
and (6.2) goes into (6.4). Theorem 2.2 provides the evaluation of the
L(1; kd,).

In like manner, using homomorphisms from A? into algebras of formal
double series, triple series, etc., one can obtain formal solutions of polynomial
equations of fixpoint type having two, three, or more variable coefficients.
This is closely related to work of Appell and Kampé de Fériet [1] on the
solution of algebraic equations by general hypergeometric functions.

One can also apply the information contained in (6.1) and (6.2) to the
algebra of formal Dirichlet series, or to the algebra of formal power series
with coefficients which are integers modulo a prime.

7. Convolution formulas.

THEOREM 7.1. Let A be a commutative ring with unit, and let N be the set of

natural numbers 0, 1, 2, - - - . Let the function a: NXN—A have the property

that

(7.1) almy + may,n) = X, almy, n1)a(ms, ny), formi, ms, n E N.
ni+no=n

Let b: NXN—A be defined by

(7.2) b(m, n) = m(m + n)"a(m + n, n)

when m and n are not both zero, b(0, 0) =1. Then

(7.3) b(mi+ mo,m) = D, blm, n)b(ms, n3), for my, ms,n E N.
nitng=n

Proof. The a(m, n) are completely determined by the a(1, %), using (7.1).
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Let a,=a(1, n) for n=0, 1,2,---,and as in (5.4) let z= Z,f,o a,%". By
induction zm= ) =, a(m, n)&", and by the Multinomial Theorem, a(m, n)
= > M(po, p1, b2 - - - )alallal? - - -, the summation extending over all
sequences (po, p1, P, - - - ) such that D ;o p;=m and D g ip;=n. Then
by (7.2), b(m, n) = Y m(m~+n)"'M(ps, pr, P2, - - - )ala®a? - - -, the sum-
mation extending over all sequences (po, p1, P2, - - - ) such that D ;g ps
=m+n and Y 2y ip;=n. By Theorem 2.2,

bm, m) = 30 L(m; p1, p, - - - Ja'ar'ay’ - - -
A computation using Theorem 2.3 completes the proof of (7.3).

Expressing this in terms of generating functions (see [12]), if ¢(%)
= D2 o anE", ao #0, then (¢(&))™ = D1 a(m, n)&*, and if Y(3) =¢(z) where
5=2(¢(%))7", then (Y(9))"= 2 7=0 b(m, n)j".

If the function ¢: A X N—4 is now defined by the equation

L

(7.4) exp (af) = exp (a3¥(3)) = 2 c(a, k)3,
k=0
it is found that
k m —_ k m —
(7.5) (k)= 3 a™b(m, k — m) _ m o a(k, k — m)
m=0 m! m=0 k m!
and that
(7.6) clar + ag, n) = E c(a1, m1)c(as, n2)
n+no=n

for oy, asEA, n&EN.

Recently, H. W. Gould [8] has given generalized versions of the Vander-
monde and Abel convolution formulas, and has suggested a single convolution
formula which includes both of these as special cases. The formula reads: Let

G(a,0;8,7) = 1,
7.7 n—1
D G(a,n;ﬂ,v)=%ﬂ(a+ﬁn—vm)
« m=1

for a, B, yEA, nEN, n=1. The empty product is taken to be 1, so that
G(a, 1; B, v) =a. Then
(7.8) Glar + az, n;8,7) = Z G(ay, n1; B, 7)G(az, n2; B, 7)
ni+ng=n

for ay, ao, B, YEA, nEN.

Setting =0, G(a, n; B, 0)=a/(a+pBn) - (a+pBn)"/(n!) and (7.8) be-
comes Abel’s convolution. Setting y=1, G(a, 7n; 8, 1) =a/(a+Bn): Caten n
and (7.8) becomes a convolution of the Vandermonde type.
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To prove (7.8), let
yxebs

VT — 1.

(7.9) é(x) = ¢(x;8,7) =,

Let 2Y4=¢=. Then 1 —3z"04wz/D®BM =0, where w=+vx/¢(x) =vy. Then (see
Pélya-Szegs [12, Problem 212]),

ol — 1\ 6
P14 E(«H— B/7)n )—w",
na=1 n—1 n

and letting a=dvy,

2 oy f(a/y) + -1
z=ea1=1+z ‘Zz (( /7) n(f/'ly)n )yn.

By (7.4) we have that
(a/7) + B/7)n — 1

n—1

c(a, n) = %7"“( ) = G(a, n;8,7)

for all #, and from (7.6) we obtain (7.8).
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